
1. Introduction

Material exchange and thus oxygen supply to
tissue cells – without which cells could not
survive – as well as disposal of metabolic in-
termediates and end products from tissues
takes place in the terminal capillary network.
This network comprises the precapillary arte-
rioles, the capillary bed and the post-capillary
venules. Oxygen exchange takes place via
diffusion. Oxygen is bound to haemoglobin
in the erythrocytes and is transported by con-
vection through the arterial blood stream
from the lungs to the capillary network. The

respective area of exchange (approx. 300
m2) resulting from the extremely high number
of capillaries – approx. 8 to 10 billion – is so
large that the oxygen supply is not limited by
diffusion but by convective transport of oxy-
gen (circulation-limited oxygen exchange).

Local tissue oxygen tension thus primarily
depends on the delivery of oxygen by circu-
lating blood (but also on diffusion if the diffu-
sion process through the vessel wall and into
the tissue is impaired) and on the oxygen
consumption of tissue cells [13, 22]. A mini-
mum velocity of the oxygen-transporting ery-
throcytes in capillaries is required to supply
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Abstract

Under physiological conditions, tissue oxygen tension depends mainly on oxygen convection
in the flowing blood and on oxygen consumption of the cells in the surrounding tissue. Below
a certain limit velocity, 50 % of the cells in a Krogh cylinder do not receive enough oxygen to
survive and cell death may occur. For a given capillary geometry, such a limit velocity can be
calculated by finding numerical solutions to coupled partial differential equations.
The results show that the risk of tissue ischemia depends very strongly on capillary architecture
and the velocity of capillary blood flow. When capillary erythrocyte velocity falls below 0.26
mm/s, there will be an insufficient blood supply to the region supplied by the distal venous
branch of a capillary of 1 mm length, whereas in short capillaries this will occur only when ve-
locities fall below 0.024 mm/s.
It seems that regions with a high metabolic demand, for example the retina or the myocardi-
um, have short capillaries with rapid blood flow. This means that they have a greater blood flow
reserve before an ischemic event can occur.
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enough oxygen to the tissue, below which
approximately 50 % of the surrounding tis-
sue region (Krogh cylinder [18]) would be un-
dersupplied with oxygen, resulting in a higher
risk of cell deaths. Cell death occurs when
the oxygen partial pressure in the tissue falls
below 0.05 mmHg [26]; for mitochondria the
critical oxygen partial pressure is 0.01 mmHg
[3, 26].

For a given capillary geometry, a limit ve-
locity can be calculated by the numerical so-
lution for mass and impulse transport, below
which ischemic regions in the tissue sur-
rounding a capillary can occur.

2. Methods
Mathematical formulation

Figure 1 shows a Krogh cylinder model. This
is the cylindrical tissue region (with radius rT)
surrounding a capillary (with a capillary ra-
dius rC) from which it is supplied [17] (see
Figure 1).

The partial differential equation for a cap-
illary (Equation 1) using cylinder coordinates
[7] that describes the physical process of sup-
plying oxygen to the tissue is:

where:
p: oxygen partial pressure
v(r): velocity field
s(p): oxygen binding curve
bs: max. O2 concentration in blood
D1: O2 diffusion coefficient for blood
C1: O2 solubility in blood

and for the surrounding tissue (Equation 2):

where:
A(p): oxygen consumption in tissue
D2: O2 diffusion coefficient in tissue
C2: O2 solubility in tissue

With the following boundary and initial
conditions:
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model
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and the following transition condition (Equation 3



and the following transition condition (Equa-
tion 3):

this system of equations can be solved by ap-
proximation.

Numerical solution

It is not possible to obtain an analytical solu-
tion to this coupled system of second-order
partial equations. In this study, a difference
method was chosen to solve the model prob-
lem numerically. In the first step, the steady-
state problem was discretised by superimpos-
ing a grid over the interval for which the dif-
ferential equations and boundary conditions
are valid. An equation now had to be formu-
lated for each grid point. This can be
achieved by substituting the differentials by
difference quotients. This system of differ-
ence equations renders a value at each grid
point dependent on neighbouring points. The
transition equation (Equation 3) is used for
the capillary region, the tissue region and the
capillary border. In general, the resulting sys-

tem of equations (in the case of small grid dis-
tances) is still too large. Thus, in order to be
able to solve such discrete systems, an ap-
proximation procedure (here a relaxation pro-
cedure [28]) needs to be applied. To this end,
the grid points are assigned starting values
and all grid points are recalculated to give im-
proved values. This iteration is repeated until
a stable approximation of the solution is
reached that satisfies the required accuracy.
For each iteration step, the sum of correc-
tions performed on all grid points as well as
the value and location of maximum correc-
tion is stored and the convergence of the so-
lution verified. The maximum correction val-
ue is used as the termination criterion.

A typical oxygen distribution in capillaries
and the surrounding tissues is shown in Fig-
ure 2.

The capillary entry pressure is equal to the
arterial pO2. Through diffusion of oxygen into
the tissue the arterial pO2 is gradually re-
duced along the longitudinal capillary axis.
Oxygen diffusing into the tissue also decreas-
es due to oxygen consumption in the tissue.
The lowest O2 values are found at the border
of the tissue cylinder region at the venous
ends of the capillaries. This theoretical distri-
bution of pO2 in a Krogh cylinder model pre-
dicted by Ehrly was confirmed by intracuta-
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Figure 2: Schematic distribution
of oxygen partial pressure in a
capillary and the surrounding
tissue (Krogh cylinder) accor-
ding to Lübbers [15].



neous measurements of pO2 profiles using
pO2 microprobes.

Results

Figure 3 shows the percentage of adequate
oxygenation of the Krogh tissue region for
capillaries of different lengths (100, 200 and
1000 µm) as a function of perfusion velocity
(0-300 [µm/s]). Tissue regions with oxygen
partial pressures under 0.05 mmHg [26] are
regarded as undersupplied. The following
constants were used to solve the system of
equations:

O2 solubility in blood:
C1 = 0.2112 x 10-6 [mlO2/g*Pa]

O2 solubility in tissue:
C2 = 0.1776 x 10-6 [mlO2/g*Pa]

Diffusion coefficients:
D1 = D2 = 2300 [µm2/s]

O2 consumption rate in tissue:
A(p) = A0 if p > pG0
A0 x p/p x T0 otherwise

where: A0 = 0.0013 [mlO2/g*s]
pT0 = 7 Pa

Maximum O2 concentration in blood:
bs = 0.2144 [ml O2/ml blood]

O2 binding curve: (∑ (i x Ai x p0i )) / (4 x ∑
(1 + Ai x p0i)) for i=1-4

where: p0 = 0.009 x p [Pa]
A1 = 2.18 x 10-2

A2 = 9.12 x 10-4

A3 = 3.75 x 10-6

A3 = 2.47 x 10-6

Figure 4 shows the influence of diffusion
conditions due to changed tissue diffusion
coefficients (between 1900 to 2500 µm2/s)
on tissue pO2. A physiological tissue diffusion
coefficient of 2300 µm2/s was assumed. A
31.5 % change affected tissue pO2 by less
than 0.5 mmHg at a distance of 40 µm from
the capillary, which is minimal.

Discussion

Under physiological conditions, oxygen sup-
ply to the tissue depends on unimpaired reg-
ulation of capillary circulation, capillary
geometry, capillary haematocrit, plasma vis-
cosity, erythrocyte rigidity and oxygen con-
sumption in the tissue [20, 22]. Figure 3
shows the considerable influence of capillary
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Figure 3: Influence of ve-
locity and capillary length
on oxygen partial pressu-
re



blood flow velocity on the proportion of in-
sufficiently oxygenated tissue. The longer the
capillary, the earlier will a reduction in capil-
lary erythrocyte velocity result in an under-
supply of oxygen to the surrounding tissue.
For capillaries of 1 mm length (found in skin,
where lengths of 3 mm [2] are reached), the
first cells within the region of a distal venous
capillary branch are undersupplied with oxy-
gen at erythrocyte velocities of 0.26 mm/s,
whereas in the case of short capillaries – as
found in the peri-macular capillary network
[1] – undersupply does not occur until veloc-
ities decrease to less than 0.02 mm/s. Fur-
thermore, the short peri-macular capillaries in
the retina are, on average, perfused more rap-
idly (about 3 times higher erythrocyte veloci-
ties under resting conditions) than the capil-
laries of the skin [10, 29]. Thus, the risk of tis-
sue ischemia depends very strongly on capil-
lary architecture and the velocity of capillary
blood flow. The diffusion conditions in tissue
play a secondary role (see Figure 4).

This observation on a singular capillary
cannot be extrapolated to regions with com-
plex microcirculation regulation [22]. In or-
gans, capillary flow velocities are constant.
Erythrocyte velocity in skin capillaries, for ex-
ample, fluctuates 6 to 8 times per minute [24]
with a variance of the mean of about 30 %.
Very low mean capillary erythrocyte veloci-
ties have been observed in patients with au-

tonomic microangiopathy and an underlying
advanced atherosclerotic disease in combina-
tion with a lipid metabolic disorder or hyper-
tension and/or diabetes mellitus [11, 12, 23].
Nevertheless, skin necroses normally do not
occur. This could be due to the fact that, even
in regions with microcirculation, regulative
processes can occur which contribute to the
redistribution of capillary flow. The research
group headed by Lübbers [19] demonstrated
on an animal model that in an organ with
very inhomogeneous capillary lengths
(100–550 mm), for example the kidney, mi-
crocirculation disorders induced pharmaco-
logically or during ventilation hypoxia result-
ed in pO2 reductions in regions with high tis-
sue pO2 values whereas in regions with low
tissue pO2 values (for example in the region
around long sinusoids) these reductions were
less marked [15, 27]). It was also shown that
cells tolerated oxygen deficiency during min-
imum microcirculation as long as energy was
provided via anaerobic glycolysis and elimi-
nation of the resulting protons from the tissue
was adequate [9].

In contrast, when microcirculation stalled,
lactic acidosis led to a rapid decrease in ATP
[16] and, as a consequence, to severe cell
damage even resulting within a few minutes
in death (necrosis) of cells that have a high
oxygen demand (e.g. nerve cells).
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Figure 4: Tissue oxygen tension from
the capillary wall to the border of the
Krogh cylinder for four different diffu-
sion coefficients (D1=1900, D2=2100,
D3=2300, D4=2500 [µm2/s])



In summary, it thus seems that tissue re-
gions with a high metabolic demand – for ex-
ample in the retina and the myocardium [14]
– are equipped with short capillaries to better
cope with a temporarily insufficient or stag-
nating blood flow.
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